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' from the theorem that a sphere is four times as great as the cone with a great circle of the sphere as base and with height equal to the radius of the sphere I conceived thc3 notion that the surface of any sphere is four times as great as a great circle in it; for, judging from the fact that any circle is equal to a triangle with base equal to the circumference and height equal to the radius of the circle, I apprehended that, in like manner, any sphere is equal to a cone with base equal to the surface of the sphere and height equal to the radius'.
Book I begins with definitions (of ' concave in the same direction' as applied to curves or broken lines and surfaces, of a ' solid sector' and a (solid rhombus') followed by five Assumptions, all of importance. Of all lines which have the same extremities the straight line is the least, and, if there are two curved or bent lines in a plane having the same extremities and concave in the same direction, but one is wholly included by, or partly included by and partly common with, the other, then that which is included is the lesser of the two. Similarly with plane surfaces and surfaces concave in the same direction. Lastly, Assumption 5 is the famous '.Axiom of Archimedes', which however was, according to Archimedes himself, used by earlier geometers (Eudoxus in particular), to the effect that Of unequal magnitudes the greater exceeds the less by such a magnitude as, ivhen added to itself, can be made to exceed any assigned magnitude of the same kind; the axiom is of course practically equivalent to Eucl. V, Def. 4, and is closely connected with the theorem of Eucl. X. 1.
As, in applying the method of exhaustion, Archimedes uses both circumscribed and inscribed figures with a view to compressing them into coalescence with the curvilinear figure to be measured, he has to begin with propositions showing that, given two unequal magnitudes, then, however near the ratio of the greater to the less is to 1, it is possible to find two straight lines such that the greater is to the less in a still less ratio (> 1), and to circumscribe and inscribe similar polygons to a circle or sector such that the perimeter or the area of the circumscribed polygon is to that of the inner in a ratio less than the given ratio (Props. 2-6): also, just as Euclid proves